Criteria defining higher-order sub-Poissonian-like fields are given using five different quantities: moments of I) integrated intensity, II) photon number, III) integrated-intensity fluctuation, IV) photon-number fluctuation, and V) elements of photocount and photon-number distributions. Relations among the moment criteria are revealed. Performance of the criteria is experimentally investigated using a set of potentially sub-Poissonian fields obtained by post-selection from a twin beam. The criteria based on moments of integrated intensity and photon number and those using the elements of photocount distribution are found as the most powerful. States nonclassical up to the fifth order are experimentally reached in the former case, even the ninth-order non-classicality is observed in the latter case.
Nonclassical properties of optical fields and their characterization have been in the center of attention from the beginning of quantum optics. The simplest, and from the experimental point of view the most natural, way how to achieve this is based on the determination of second-order moments of fluctuations of the measured quantities, that violate certain inequalities for nonclassical fields. This approach resulted in the introduction of principal squeeze variance of electric-field amplitudes and the Fano factor to quantify nonclassical phase fluctuations and photonnumber fluctuations, respectively [1, 2] . The Fano factor represents the most important quantity for optical fields characterized by standard quadratic detectors, for which it identifies sub-Poissonian fields. It has been used to quantify nonclassical light originating in resonance fluorescence [3, 4] , Franck-Hertz experiment [5] , high-efficiency light-emitting diodes [6] , second-harmonic generation [7, 8] , parametric deamplification [9] , secondsubharmonic generation [10] , feed-forward action on the beam [11, 12] or light generated in micro-cavities by passing atoms [13] . Highly sub-Poissonian fields have also been reached by post-selection from cw [14] [15] [16] and pulsed twin beams (TWB) [17] [18] [19] [20] [21] .
The Fano factor F defined in terms of photon-number moments as F = (∆n) 2 / n identifies sub-Poissonian fields if F < 1; ∆n ≡n − n denotes the fluctuation of photon-number operatorn given in terms of the annihilation (â) and creation (â † ) operators asn ≡â †â . Symbol stands for the mean value. This condition when expressed in the moments of integrated intensity W (or equivalently in the normally-ordered moments of photon number, i.e. W k ≡ â †kâk [22] [23] [24] ), (∆W ) 2 
= â
†2â2 − â †â 2 < 0 [for the relation between the moments that is used for determining intensity moments from the experimental data, see * jan.perina.jr@upol.cz Eq. (3) below], reveals the relation with the general definition of non-classicality: A field is nonclassical provided that its (normally-ordered) Glauber-Sudarshan quasidistribution P (as a function of complex field amplitudes) attains negative values or even does not exist as a regular function [25, 26] . The consideration of the marginal quasi-distribution P of integrated intensities, application of this definition to any classical field and use of the Cauchy-Schwarz inequality (or the majorization theory [27] ) result in the chain of inequalities W k > W k fulfilled by any classical field. These inequalities then allow to naturally define a k-th order non-classicality (with respect to intensity W ) [22, [28] [29] [30] [31] according to the following Criteria I :
As the quasi-distribution P of integrated intensity completely describes the field intensity, we consider the definition (1) of higher-order non-classicalities as the most fundamental. We note that different kinds of higherorder non-classicalities have been defined when considering powers of complex field amplitudes [32] [33] [34] .
On the other hand, photon-number-resolving detectors straightforwardly provide the moments of photon number n. The following sequence of non-classicality Criteria II can be defined using these moments:
The moments n k Pois characterize a Poissonian field (in a coherent state) with mean photon number n . Indeed, the relation among both types of moments expressed via the Stirling numbers S l k of the second kind (k ≥ 1),
allows to rewrite criteria (2) into the form:
The relation (4) together with positivity of the Stirling numbers S confirm that criteria (2) express nonclassicality. Whereas Criteria I in Eqs. (1) and II in Eqs. (2) are identical for k = 2, they represent in general different definitions of a k-th order non-classicality. For example, a field obeying W 3 − W 3 < 0 does not have to fulfill the condition n 3 − n 3 Poiss < 0 and vice versa. Both Criteria I and II approach each other only for intense fields ( W ≫ 1) for which the last term in the sum in Eq. (4) 
Non-classicality of an optical field can also be revealed by the moments of intensity (∆W ≡ W − W ) and photon-number (∆n ≡n − n ) fluctuations. This leads us to the following Criteria III and IV :
We note that (∆n)
2 Pois
= (∆n)
3 Pois = n , (∆n)
4 Pois = n +3 n 2 and (∆n) 5 Pois = n +10 n 2 .
However, Criteria III r (k) ∆W < 0 for intensity fluctuations are applicable only for even orders k. Also Criteria IV r (k) ∆n < 0 reveal non-classicality only for fields with mean intensities W lower than certain value. A detailed analysis of expressions (∆n) k − (∆n) k Pois rewritten as polynomials of k-th order in ∆W with W considered as a parameter [35] gives r (3) ∆n < 0 as a non-classicality indicator for W < 3 and r (4) ∆n < 0 for arbitrary intensities. Formally similar non-classicality criteria are derived for the elements p(k) of photon-number distribution [36] . These elements, given by the Mandel detection formula [22, 23] 
represent 'un-normalized' moments that obey, according to the majorization theory, certain inequalities for non-negative distribution P (W ) of integrated intensity [36, 37] . Nonclassical fields are then identified by their violation, which allows us to formulate Criteria V in terms of the modified elementsp(k) ≡ k!p(k)/p(0), k = 1, 2, . . ., as follows:
For a Poissonian field, we have r
Moreover, the majorization theory allows to derive a larger number of non-classicality inequalities among the elementsp(k), in tight parallel with those for intensity moments W k analyzed for k ≤ 5 in [38] .
W < 0 for a k-th order non-classicality can be converted into the k-th-order non-classicality depth τ (k) [39] using the formula
where s
th gives the threshold value of the ordering parameter s for which W k s = W k s . The s-ordered moments W k s of intensity W , which are determined along the usual way considering an s-ordered quasi-distributioñ P (W ; s) of integrated intensity [see below], are expressed in terms of the usual normally-ordered moments (s = 1) as follows [22, 24] :
L k denotes a k-th Laguerre polynomial [40] . We note that such moments are appropriate for a field into which a thermal field with (1−s) mean photon number is added. Contrary to the parameters r
the non-classicality depths τ (k) of different orders can be mutually directly compared. The greater the value of τ (k) is the stronger the non-classicality is.
The parameters r (k)
W naturally occur when determining the declination ∆P (W ; s) of an s-ordered quasidistributionP (W ; s) of integrated intensity from that belonging to the Poissonian field, which is denoted as P Pois (W ; s) [22] :
It holds that ∞ 0 dW ∆P (W ; s) = 0 and so ∆P (W ; s) of any non-Poissonian field has to have negative values. However, negative values of a non-classical field occur in the regions where they cannot be compensated by positive values of the Poissonian distributionP Pois (W ; s).
The performance of different non-classicality quantifiers has been experimentally tested on a set of 10 potentially sub-Poissonian fields obtained by post-selection from a TWB. The used TWB was generated in a nonlinear crystal and its signal and idler fields were detected in different regions of an iCCD camera [41] (for details, see Fig. 1 ). The signal photocounts were used for the post-selection process: Detection of a given number c s of signal photocounts ideally leaves the idler field in the state with c i = c s idler photons. Under real experimental conditions, the post-selected idler field exhibits fluctuations in photon numbers that, however, are under suitable conditions smaller than those characterizing the corresponding Poissonian field. The post-selected idler fields were measured via their photocount distributions monitored by the iCCD camera. The obtained post-selected idler fields had different intensities as the mean number n i of idler photons increases with the increasing signal photocount number c s .
Moreover, as the experiment provided the whole 2D joint signal-idler photocount histogram f (c s , c i ) it also allowed to reconstruct the whole TWB. The TWB was reconstructed as a field composed of three independent components, one characterizing ideal photon pairs, one describing noisy signal photons and one belonging to noisy idler photons. Each component is characterized by mean photon(-pair) number B a per mode and number M a of independent modes, a = p, s, i, and its photonnumber distribution is given by the Mandel-Rice formula [22, 23, 42] . The distribution p si (n s , n i ) of the whole TWB is then expressed in the form of the following twofold convolution [42] [43] [44] :
n+M and symbol Γ denotes the Γ-function.
For the reconstructed TWB, the theoretical postselected idler photon-number distributions p theo c,i (n i ; c s ) observed after detecting c s signal photocounts are expected in the form (for details, see [18] ):
where f theo s (c s ) ≡ ns,ni T s (c s , n s )p si (n s , n i ) is the expected signal-field photocount distribution. Function T s (c s , n s ) occurring in Eq. (13) characterizes detection by the camera: It determines the probabilities of having c s photocounts when detecting a field with n s photons. For the used iCCD camera and both detection areas with N a active pixels, detection efficiencies η a and mean dark counts per pixel D a , a = s, i, we have [41] :
In the experiment, the photon-number distributions of the post-selected idler fields were reached by applying the maximum-likelihood approach (MLA) [45] . The photonnumber distribution p c,i (n i ; c s ) conditioned by detection of c s signal photocounts has been found as a steady state of the following iteration procedure [41] 
In Eq. Fig. 2(b) ]. In Fig. 2, and also in subsequent figures , we plot the quantities related to experimental photocounts (photon numbers reached by MLA) by red asterisks (green triangles) and those originating in the Gaussian fit of the TWB (GTWB) by blue solid curves. For comparison, we also depict by brown diamonds quantities reached by the simplest reconstruction method based on the intensity moments and relations W k → W k /η k . As this method does not take into account dark counts, it overestimates in general photon-number moments of the reconstructed distributions, as illustrated for the mean idler photon numbers n i in Fig. 2(b) . As the experimental errors are linearly proportional to 1/ N rep with N rep giving the number of measurement repetitions and according to the graph in Fig. 2(a) , the characterization of the post-selected idler photon-number distributions with the signal photocount numbers c s greater than 7 suffers from larger errors due to the low numbers of appropriate measurements, despite the large number of 1.2 × 10 6 overall measurements made. We note that fixed detection efficiencies η s and η i were considered when determining W quantifying k-thorder non-classicalities via the 'theoretical' intensity moments and plotted in Figs. 3(a,c,e,g ) show that the postselected idler fields conditioned by the detected signal photocount numbers c s in the range 3, 7 are nonclassical in the second and the third orders. Moreover the post-selected idler fields in the range 5, 7 are nonclassical in the fourth and the fifth orders. The comparison of intensity parameters r n are systematically reached for the reconstructed photon-number distributions (by MLA and GTWB) in comparison with those arising in the photocount distributions. This is due to partial elimination of the noise by the reconstruction.
The non-classicalities of different orders are mutually compared in Fig. 4 via their non-classicality depths τ (k) defined in Eq. (9) . For the generated states, the greater the non-classicality order k is the smaller the values τ of the corresponding non-classicality depths are observed and so the weaker the resistance of the non-classicality against the external noise is. As the directly measured photocount distributions give roughly 4-times lower intensities than the reconstructed photon-number distributions, the obtained values of non-classicality depths τ (k) are naturally smaller for photocounts compared to photon numbers.
Criteria III and IV: Excluding the second-order non- classicalities for which the parameters r (2) ∆W and r (2) ∆n accord with the above analyzed parameters r (2) W and r (2) n , the ability of both experimental and reconstructed moments of intensity and photocount (photon-number) fluctuations to reveal higher-order non-classicalities is qualitatively worse than that of parameters r n . This is due to large experimental errors and the reasons discussed below Eq. (6) . As shown in Fig. 5 , none of the non-classicality identifiers r Fig. 7(a) . Similarly, the post-selected idler photon-number distributions p c,i (n i ) reached by MLA and GTWB are compared with the appropriate Poissonian distribution in Fig. 7(b) . Whereas the photocount histogram is very close to its Poissonian counterpart, the difference between the reconstructed photon-number distributions and the Poissonian distribution is well recognized.
The signs of intensity parameters r
W,s defined in terms of s-ordered intensity moments qualitatively influence the shape of quasi-distributionP c,i (W i ; s) of integrated intensity. If the parameters r (k) W,s are negative, the difference ∆P c,i defined in Eq. (11) attains negative values in the regions where they are not compensated by positive values of the Poissonian distributionP Pois and so the resultant quasi-distributionP c,i (W i ; s) is nonclassical due to its negative values. This occurs for the ordering parameter s greater than s (2) th , as demonstrated in Fig. 8(a) for s = 0.9. On the other hand, positive parameters r (k) W,s observed for s < s (2) th cause 'redistribution' of the classi- cal probability densities ofP c,i (W i ; s) such that greater values occur for small intensities W and the central peak lowers [see Fig. 8(b) ].
In conclusion, we have shown that higher-order subPoissonian-like criteria based on intensity and photocount (photon-number) moments are suitable and comparably strong for revealing higher-order nonclassicalities. Contrary to this, the criteria exploiting moments of intensity and photocount (photon-number) fluctuations have been found not very useful owing to their sensitivity to experimental errors. From the point of view of experimental errors, the criteria based on the elements of photocount distributions have been identified as the most powerful allowing us to experimentally reach even the ninth-order non-classicality.
